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Abstract
An algebraic global isometric embedding of the nonrotating BTZ
black hole is presented. The ambient spacetime is M2,3, the 3+2 di-
mensional flat spacetime. We also present the analogous embedding
for the Euclidean BTZ spacetime and by performing a kind of double
analytic continuation construct a 1-parameter family of embeddings of
cosmological AdS spacetime into M2,3 which coincide asymptotically
with the embedded BTZ manifold of the appropriate mass. Finally
we note that the family of embeddings of cosmological AdSn into M
2,n
generalises to higher dimensions.
(This article is to appear in the proceedings of the conference: “Relativity and
Gravitation, 100 Years after Einstein in Prague,” June 25 - 29, 2012, Prague, Czech
Republic. We give a brief review of the results obtained in [arXiv:1011.3883[gr-qc]].
Lemma 2.2, is a new result.)
1 Some Differential geometric preliminaries
Anti de Sitter space A˜dS is a Lorentzian manifold and as such all of the geom-
etry can be understood in terms of intrinsically defined properties. However,
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to manifest more symmetries one often considers the following model: Let
Mp,n denote flat spacetime of signature −p+ n. The submanifold:
A := {Xµ ∈M2,n−1|XµXνη(2,n−1)µν = −1}, (1)
has the same intrinsic geometry as Anti de Stter space A˜dS
n
. By this we
mean that the submanifold so defined is diffeomorphic to S × R3 and the
induced metric is that of a maximally symmetric Lorentzian spacetime with
sectional curvatures −1. By representing the spacetime as a submanifold cer-
tain geometrical facts become clear: The intersections with hyperplanes P
through the origin are geodesics, specifically A∩P2,n−2 is a timelike geodesic
and A∩P1,n−1 is a pair of disconnected spacelike geodesics; A contains closed
timelike curves; the global isometry group is SO(n, 1). This embedding of
A˜dS
n
is well known. Two spacetimes of special interest which are locally iso-
metric to A˜dS are the cosmological AdS spacetime and the BTZ[1] spacetime
in 2+1 dimensions. The former is the universal covering space obtained by
unwrapping the timelike geodesics. The latter is a quotient space. Therefore
the local physics can be described as a constrained theory in flat spacetime
using A described above. However, to adress global issues it can be helpful
to have a simple global isometric embedding. Below we present such em-
beddings for the norotating BTZ spacetime (obtained in [4]) and also for
AdSn.
A smooth embedding φ : M → N is an injective map such that φ(M)
is homeomorphic to M and φ∗ is injective. Note dim(N) ≥ dim(M). Let
(M,h) and (N, g) be pseudo-Riemannian manifolds. A smooth embedding
φ : M → N is an isometric embedding if φ∗g = h. If M is the entire
maximally extended spacetime we call this a global isometric embedding.
2 Embedding the BTZ and cosmological AdS
spacetimes
In 2+1 dimensional gravity with negative cosmological constant, the Einstein
equation in vacuum is equivalent to Rµν κλ = − 1l2 (δµκδνλ− δνκδµλ). We set l = 1.
The spherically symmetric solution of mass a2 has the static form [1]
ds2 = (r2 − a2)dτ 2 + dr
2
r2 − a2 + r
2dφ2
2
outside of the event horizon (r = a). Since we are interested in global
embeddings, we introduce the Kruskal type coordinate system:
ds2 = 4
−dt2 + dx2
(1 + t2 − x2)2 + a
2 (1− t2 + x2)2
(1 + t2 − x2)2dφ
2 .
The domain of the coordinates is −1 < −t2+x2 < 1, φ ∼ φ+2pi. This covers
the maximally extended space-time. The event horizons and bifurcation
surface are x = ±t and x = t = 0 respectively. Singularities (t2 − x2 = 1)
and conformal infinity (x2− t2 = 1) are not considered part of the spacetime
for our purposes.
LetM2,3 denote the flat space with metric g = η
(2,3)
µν dXµdXν := −(dX0)2+
(dX1)2 + (dX2)2 + (dX3)2 − (dX4)2.
Lemma 2.1 [4] The nonrotating BTZ black hole spacetime can be globally
isometrically embedded into the region X0 > 0 of M2,3. The image is the
intersection of quadric hypersurfaces:
(X1)2 + (X2)2 =
a2
1 + a2
(X0)2 , (X3)2 − (X4)2 = −1 + 1
1 + a2
(X0)2
The past and future singularities are located at the intersection of the two
constraint surfaces with the hyperplane X0 = 0.
The proof was given in Ref. [4]. Combining the constraint equations we
have XµXνη
(2,3)
µν = −1 therefore a global embedding into A˜dS4 exists. By
lifting the restriction X0 > 0 we obtain two copies of BTZ joined at the
singularity, but it is not a true embedding at X0 = 0: the tangent space map
is not injective (the central singularity is a conical singularity).
We may make an analytic continuation X4 → iX4, whence we obtain
an embedding of the Euclidean black hole into M(1,4) 1. In fact there is
another embedding, of a Euclidean black hole with mass parameter 1/a,
which has the same asymptotic form for large X0. They are related by
(X1, X2) ↔ (X3, X4). We shall refer to this as “thermal AdS.” The reason
for this apparently arbitrary distinction is that upon making the analytic
continuation X4 → −iX4 we obtain now a global embedding of (two copies
of) the cosmological AdS3 which coincide asymptotically with the exterior
regions of the black hole. All of this is summarised in table 1. In the case
1This belongs to a class of immersions of H3 into H4 obtained in Ref. [3]
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of the embedding of AdS3, the parameter a has no intrinsic geometrical
meaning, and therefore no direct physical meaning. We call 2pia the extrinsic
temperature2 in this context since it is the temperature of the embedded BTZ
spacetime to which it is asymptotic.
Table 1: Various embeddings relevant to three dimensional gravity. The left
and right colums are related by X4 ↔ iX4.
Embedding in M3,2 Embedding in M4,1
BTZ (mass = a2) Euclidean BTZ (mass = a2)
(X1)2 + (X2)2 = a
2
1+a2
(X0)2, (X1)2 + (X2)2 = 1
a2+1
(X0)2,
(X3)2 − (X4)2 = 1
a2+1
(X0)2 − 1, (X3)2 + (X4)2 = a2
1+a2
(X0)2 − 1,
X0 > 0 (X0 = 0 singular). X0 > 0.
AdS3 “Thermal AdS3” (mass = 1/a
2)
(X1)2 + (X2)2 = a
2
1+a2
(X0)2 − 1, (X1)2 + (X2)2 = 1
a2+1
(X0)2 − 1,
(X3)2 − (X4)2 = 1
a2+1
(X0)2, (X3)2 + (X4)2 = a
2
1+a2
(X0)2,
X0 > 0 (2 copies of AdS). X0 > 0.
The complete picture contained in table 1 is peculiar to three dimensions
and depends on the fact that the black hole and AdS are related by a double
Wick rotation which exchanges the role of the angular coordinate with that
of the Euclidean time. However, we are able to present here the following
result pertaining to higher dimensions:
Lemma 2.2 Let Mn,2 be pseudo-Euclidean space with two time directions
and standard coordinates XA = (T,X1, ..., Xn, S) and α be a positive real
number. Then the submanifold {XA ∈ Mn,2|XAXBηAB = −1; (Xn)2 =
S2 + α
1+α2
T 2; T,Xn > 0} is homeomorphic to Rn and globally isometric to
AdSn.
Proof: We introduce angular coordinates (θi), i = 1, . . . , n− 2 on the
unit sphere σaσa = 1 in Rn−1. We then consider a cylindrical polar system
2Another kind of extrinsic notion of temperature, based on a local embedding modeled
on A3, was introduced in Ref [2].
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of coordinates (τ, r, θi) on Rn. For convenience set r = sinhχ, χ ≥ 0. Then
Xa = sinhχσa(θi), a = 1, ..., n− 1 , (2)
Xn = α coshχ cosh(τ/α) , (3)
S = α coshχ sinh(τ/α) , (4)
T =
√
1 + α2 coshχ , (5)
can be verified to extend to a global embedding (χ = 0 is purely a coordinate
singularity - the image is a smooth submanifold at Xa = 0). The pullback
of the Minkowski metric w.r.t. this embedding is
ds2 = − cosh2 χdτ 2 + dχ2 + sinh2 χdΩ2n−2 , (6)
dΩ2n−2 being the metric of the unit sphere. This is the metric of AdSn.
Finally we note that it follows from Lemma 2.2 that there is a one-
parameter family of global isometric embeddings of AdSn into A˜dSn+1.
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